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QUASI-POISSON ACTIONS AND MASSIVE NON-ROTATING BTZ
BLACK HOLES
SÉBASTIEN RACANIÈRE
Abstrat. Using ideas from an artile of P. Bieliavsky, M. Rooman and Ph. Spindel
on BTZ blak holes, I onstrut a family of interesting examples of quasi-Poisson ations
as dened by A. Alekseev and Y. Kosmann-Shwarzbah. As an appliation, I obtain a
genuine Poisson struture on SL(2,R) whih indues a Poisson struture on a BTZ blak
hole.
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1. Introdution
In [4℄, P. Bieliavsky, M. Rooman and Ph. Spindel onstrut a Poisson struture on mas-
sive non-rotating BTZ blak holes; in [3℄, P. Bieliavsky, S. Detournay, Ph. Spindel and
M. Rooman onstrut a star produt on the same blak hole. The diretion of this deforma-
tion is a Poisson bivetor eld whih has the same sympleti leaves as the Poisson bivetor
eld of [4℄: roughly speaking, they orrespond to orbits under a ertain twisted ation by
onjugation.
In the present paper, I wish to show how tehniques used in [4℄ in onjuntion with
tehniques of the theory of quasi-Poisson manifolds (see [1℄ and [2℄) an be used to onstrut
an interesting family of manifolds with a quasi-Poisson ation and how a partiular ase of
this family leads to a genuine Poisson struture on a massive non-rotating BTZ blak hole
with similar sympleti leaves as in [4℄ and [3℄.
2. Main results
I will not reall here the basi denitions in the theory of quasi-Poisson manifolds and
quasi-Poisson ations. The reader will nd these denitions in A. Alekseev and Y. Kosmann-
Shwarzbah [1℄, and in A. Alekseev, Y. Kosmann-Shwarzbah and E. Meinrenken [2℄.
Let G be a onneted Lie group of dimension n and g its Lie algebra, on whih G ats by
the adjoint ation Ad. Assume we are given an Ad-invariant non-degenerate bilinear form K
on g. For example, if G is semi-simple, then K ould be the Killing form. In the following,
I will denote by K again the linear isomorphism
g −→ g∗
x 7−→ K(x, ·).
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Let D = G×G and d = g⊕g its Lie algebra. Dene an Ad-invariant non-degenerate bilinear
form 〈 , 〉 of signature (n, n) by
d× d = (g⊕ g)× (g⊕ g) −→ R
((x, y), (x′, y′)) 7−→ K(x, x′)−K(y, y′).
Assume there is an involution σ on G whih indues an orthogonal involutive morphism,
again denoted by σ, on g. Let ∆+ : G→ D and ∆
σ
+ : G→ D be given by
∆+(g) = (g, g)
and
∆σ+(g) = (g, σ(g)).
Denote by G+ and G
σ
+ their respetive images in D. Let S = D/G+ and S
σ = D/Gσ+.
Then both S and Sσ are isomorphi to G. The isomorphism between S and G is indued
by the map
D −→ G
(g, h) 7−→ gh−1,
whereas the isomorphism between Sσ and G is indued by
D −→ G
(g, h) 7−→ gσ(h)−1.
I will use these two isomorphisms to identify S and G, and Sσ and G. Denote again by
∆+ : g → d and ∆
σ
+ : g → d the morphisms indued by ∆+ : G → D and ∆
σ
+ : G → D
respetively. Let ∆− : g → d = g⊕ g and ∆
σ
−
: g → d = g⊕ g be dened by
∆−(x) = (x,−x),
and
∆σ
−
(x) = (x,−σ(x)).
Let g− = Im(∆−) and g
σ
−
= Im(∆σ
−
). We have two quasi-triples (D,G+, g−) and (D,G
σ
+, g
σ
−
).
They indue two strutures of quasi-Poisson Lie group on D, of respetive bivetor elds PD
and P σD, and two strutures of quasi-Poisson Lie group on G+ and G
σ
+ of respetive bivetor
elds PG+ and PGσ+ . I will simply write G+, respetively G
σ
+, to denote the group together
with its quasi-Poisson struture. Of ourse, these quasi-Poisson strutures are pairwise iso-
morphi. More preisely, the isomorphism Id×σ : (g, h) 7−→ (g, σ(h)) of D sends PD on P
σ
D
and vie-versa. This isomorphism an be used to dedue some of the results given at the
beginning of the present artile from the results of Alekseev and Kosmann-Shwarzbah [1℄;
but it takes just as long to redo the omputations, and that is what I do here.
Aording to [1℄, the bivetor eld PD, respetively P
σ
D, is projetable onto S, respetively
Sσ. Let PS and P
σ
Sσ be their respetive projetions. Using the identiations between S
and G, and Sσ and G, one an hek that PS and P
σ
Sσ are the same bivetor elds on G.
What is more interesting, and what I will prove, is the following Theorem.
Theorem 2.1. The bivetor eld P σD is projetable onto S. Let P
σ
S be its projetion. Identify
S with G and trivialise their tangent spae using right translations, then for s in S and ξ in
g∗ ≃ T ∗s S there is the following expliit formula
P σS (s)(ξ) =
1
2
(Adσ(s)−1 −Ads) ◦ σ ◦K
−1(ξ).
Moreover, the ation
Gσ+ × S −→ S
(g, s) 7−→ gsσ(g)−1
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of Gσ+ on (S, P
σ
S ) is quasi-Poisson in the sense of Alekseev and Kosmann-Shwarzbah [1℄.
The image of P σS (s), seen as a map T
∗
s S −→ TsS, is tangent to the orbit through s of the
ation of Gσ on S.
In the setting of the above Theorem, the bivetor eld P σS is G
σ
invariant; hene if F is
a subgroup of Gσ and I is an F -invariant open subset of S suh that the ation of F on I
is prinipal then F\I is a smooth manifold and P σS desends to a bivetor eld on it. An
appliation of this remark is the following Theorem.
Theorem 2.2. Let G = SL(2,R). Let
H =
[
1 0
0 −1
]
and hoose σ = AdH . Let
I = {
[
u+ x y + t
y − t u− x
]
| u2 − x2 − y2 + t2 = 1, t2 − y2 > 0}
be an open subset of S. Let F be the following subgroup of G
F = {exp(npiH), n ∈ N}.
The quotient F\I (together with an appropriate metri) is a model of massive non-rotating
BTZ blak hole (see [4℄). The bivetor eld it inherits following the above remark, is Poisson.
Its sympleti leaves onsist of the projetion to F\I of the orbits of the ation of Gσ on S
exept along the projetion of the orbit of the identity. Along this orbit, the bivetor eld
vanishes and eah point forms a sympleti leaf.
In the oordinates (46) of [4℄ (or (3) of the present artile), the Poisson bivetor eld is
(1) 2osh2(
ρ
2
)sin(τ)sinh(ρ)∂τ ∧ ∂θ.
The above Poisson bivetor eld should be ompared with the one dened in [4℄ and given
by
1
osh
2(ρ2 )sin(τ)
∂τ ∧ ∂θ.
The sympleti leaves of this Poisson struture are the images under the projetion I −→ F\I
of the ation of Gσ+ on S.
3. Let the omputations begin
Throughout the present artile, I will use the notations introdued in the previous Setion.
To begin with, I will prove that (D,Gσ+, g
σ
−
) does indeed form a quasi-triple.
Beause d = g⊕ g, one also has a deomposition d∗ = g∗⊕ g∗. One also has d = gσ+⊕ g
σ
−
and aordingly d∗ = gσ+
∗ ⊕ gσ
−
∗
. Denote pgσ
+
and pgσ
−
the projetions on respetively gσ+
and gσ
−
indued by the deomposition d = gσ+ ⊕ g
σ
−
. So that 1d = pgσ
+
+ pgσ
−
.
In this artile, I express results using mostly the deomposition d = g⊕ g. Using it, we have
gσ+
∗ = {(ξ, ξ ◦ σ) | ξ ∈ g∗}
and
gσ
−
∗ = {(ξ,−ξ ◦ σ) | ξ ∈ g∗}.
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Proposition 3.1. The triple (D,Gσ+, g
σ
−
) forms a quasi-triple in the sense of [1℄. The
harateristi elements of this quasi-triple as dened in [1℄ and hereby denoted by j, Fσ, ϕσ
and the r-matrix rσd are
j : gσ+
∗ −→ gσ
−
(ξ, ξ ◦ σ) 7−→ ∆σ
−
◦K−1(ξ),
and
F σ = 0,
and
ϕσ :
∧3
gσ+
∗ −→ R
((ξ, σ ◦ ξ), (η, σ ◦ η), (ν, σ ◦ η)) 7−→ 2K(K−1(ν), [K−1(ξ),K−1(η)]),
and nally the r-matrix
rσd : g
∗ ⊕ g∗ −→ g⊕ g
(ξ, η) 7−→ 12∆
σ
−
◦K−1(ξ + η ◦ σ).
Proof. It is straightforward to prove that d = gσ+⊕g
σ
−
and that both gσ+ and g
σ
−
are isotropi
in (d, 〈 〉). This proves that (D,Gσ , gσ
−
) is a quasi-triple.
For (ξ, ξ ◦ σ) in gσ+
∗
and (x, σ(x)) in gσ+
〈j(ξ, ξ ◦ σ), (x, σ(x))〉 = (ξ, ξ ◦ σ)(x, σ(x)).
The map j is atually haraterised by this last property. The equality
〈∆σ
−
◦K−1 ◦∆σ∗+ (ξ, ξ ◦ σ), (x, σ(x)〉 = (ξ, ξ ◦ σ)(x, σ(x)),
proves that
j(ξ, ξ ◦ σ) = ∆σ
−
◦K−1 ◦∆σ∗+ (ξ, ξ ◦ σ)
= ∆σ
−
◦K−1(ξ).
Sine σ is a Lie algebra morphism, we have [gσ
−
, gσ
−
] ⊂ gσ+. This proves that F
σ :∧2
gσ+
∗ −→ gσ
−
, given by
F σ(ξ, η) = pgσ
−
[j(ξ), j(η)],
vanishes.
I will now ompute ϕσ. It is dened as
ϕσ((ξ, σ ◦ ξ), (η, σ ◦ η), (ν, σ ◦ ν)) = (ν, σ ◦ ν) ◦ pgσ
+
([j(ξ, σ ◦ ξ), j(η, σ ◦ η)])
= 〈j(ν, σ ◦ ν), [j(ξ, σ ◦ ξ), j(η, η ◦ η)]〉
= 〈∆σ
−
◦K−1(ν), [∆σ
−
◦K−1(ξ),∆σ
−
◦K−1(η)〉
= 2K(K−1(ν), [K−1(ξ),K−1(η)]).
Finally, the r-matrix is dened as
rσd : g
σ
+
∗ ⊕ gσ
−
∗ −→ gσ+ ⊕ g
σ
−
((ξ, ξ ◦ σ), (η, η ◦ σ)) 7−→ (0, j(ξ, ξ ◦ σ)).
If (ξ, η) is in d∗ = g∗⊕ g∗ then its deomposition in gσ+
∗⊕ gσ
−
∗
is
1
2 ((ξ+ η ◦σ, ξ ◦ σ+ η), (ξ−
η ◦ σ,−ξ ◦ σ + η)). The result follows. 
I now wish to ompute the bivetor P σD on D. By denition, it is equal to (r
σ
d )
λ − (rσd )
ρ
,
where the upper sript λ means the left invariant setion of Γ(TD ⊗ TD) generated by rσd ,
while the upper sript ρ means the right invariant setion of Γ(TD⊗ TD) generated by rσd .
Proposition 3.2. Identify TdD to d by right translations. The value of P
σ
D at d = (a, b) is
d∗ = g∗ ⊕ g∗ −→ d = g⊕ g
(ξ, η) 7−→ 12 (K
−1(η ◦ σ ◦ (Adσ(b)a−1 − 1)),−K
−1(ξ ◦ σ ◦ (Adσ(a)b−1))).
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Proof. Fix d = (a, b) in D. I hoose to trivialise the tangent bundle, and its dual, of D by
using right translations. See (rσd )
ρ
as a map from T ∗D to TD. If α is in d∗, then
(rσd )
ρ(d)(αρ) = (rσd (α))
ρ(d),
whereas
(rσd )
λ(d)(αρ) = (Add ◦ r
σ
d (α ◦Add))
ρ(d).
Thus P σD at the point d = (a, b) is
d∗ = g∗ ⊕ g∗ −→ d = g⊕ g
(ξ, η) 7−→ − 12∆− ◦K
−1(ξ + η ◦ σ) + 12Add ◦∆− ◦K
−1(ξ ◦Ada + η ◦Adb ◦ σ).
The above desription of P σD an be simplied:
P σD(d)(ξ, η)
= − 12∆− ◦K
−1(ξ + η ◦ σ)+
1
2 (Ada ◦K
−1(ξ ◦Ada + η ◦Adbσ),−σ ◦Adσ(b) ◦K
−1(ξ ◦Ada + η ◦Adb ◦ σ))
= − 12∆− ◦K
−1(ξ + η ◦ σ)+
1
2 (K
−1(ξ + η ◦Adbσ ◦Ada−1),−σ ◦K
−1(ξ ◦Adaσ(b)−1 + η ◦Adb ◦ σ ◦Adσ(b)−1))
= − 12 (K
−1(ξ + η ◦ σ),−σ ◦K−1(ξ + η ◦ σ))+
1
2 (K
−1(ξ + η ◦ σ ◦Adσ(b)a−1),−σ ◦K
−1(ξ ◦Adaσ(b)−1 + η ◦ σ))
= 12 (K
−1(η ◦ σ ◦ (Adσ(b)a−1 − 1)),−σ ◦K
−1(ξ ◦ (Adaσ(b)−1 − 1)))
= 12 (K
−1(η ◦ σ ◦ (Adσ(b)a−1 − 1)),−K
−1(ξ ◦ σ ◦ (Adσ(a)b−1 − 1))).

It follows from [1℄ that P σD is projetable on S
σ = D/Gσ+. Atually, the following is also
true
Proposition 3.3. The bivetor P σD is projetable to a bivetor P
σ
S on S = D/G+. Identify
S with G through the map
D −→ G
(a, b) 7−→ ab−1.
Trivialise the tangent spae to G, and hene to S, by right translations. If s is in S, then
using the above identiation, P σS at the point s is
(2) P σS (s)(ξ) =
1
2
(Adσ(s)−1 −Ads) ◦ σ ◦K
−1(ξ).
Proof. Assume s in S is the image of (a, b) in D, that is s = ab−1. The tangent map of
D −→ G
(a, b) 7−→ ab−1
at (a, b) is
p : d −→ g
(x, y) 7−→ x−Adab−1y.
The dual map of p is
p∗ : g∗ −→ d∗
ξ 7−→ (ξ,−ξ ◦Adab−1)
The bivetor P σD is projetable onto S if and only if for all (a, b) in D and ξ in g
∗
, the
expression
p(P σD(a, b)(p
∗ξ))
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depends only on s = ab−1. It will then be equal to P σS (s)(ξ). This expression is equal to
p(P σD(a, b)(ξ,−ξ ◦Adab−1))
= 12p((Adaσ(b)−1 − 1) ◦ σ ◦K
−1(−ξ ◦Adab−1), (1 −Adbσ(a)−1) ◦ σ ◦K
−1(ξ))
= 12p((Adσ(ba−1) −Adaσ(a)−1) ◦ σ ◦K
−1(ξ), (1−Adbσ(a)−1) ◦ σ ◦K
−1(ξ))
= 12 (Adσ(ba−1) −Adaσ(a)−1 −Adab−1 +Adaσ(a)−1) ◦ σ ◦K
−1(ξ)
= 12 (Adσ(ba−1) −Adab−1) ◦ σ ◦K
−1(ξ).
This both proves that P σD is projetable on S and gives a formula for the projeted bivetor.

To prove that there exists a quasi-Poisson ation of Gσ on (S, P σS ), I must ompute
[P σS , P
σ
S ], where [, ] is the Shouten-Nijenhuis braket on multi-vetor elds.
Lemma 3.4. For x, y and z in g, let ξ = K(x), η = K(y) and ν = K(z). We have
1
2
[P σS (s), P
σ
S (s)](ξ, η, ν) =
1
4
K(x, [y, τs(z)] + [τs(y), z]− τs([y, z])),
where τs = Ads ◦ σ − σ ◦Ads−1 .
Proof. Let (a, b) in D be suh that s = ab−1. Let p be as in the proof of Proposition 3.3.
The bivetor P σS (s) is p(P
σ
D(a, b)). Hene,
[P σS (s), P
σ
S (s)] = p([P
σ
D(a, b), P
σ
D(a, b)]).
But it is proved in [1℄ that
[P σD(a, b), P
σ
D(a, b)] = (ϕ
σ)ρ(a, b)− (ϕσ)λ(a, b).
Hene
1
2
[P σS (s), P
σ
S (s)] = p((ϕ
σ)ρ(a, b))− p((ϕσ)λ(a, b)).
Now, it is tedious but straightforward and very similar to the above omputations to hek
that
p((ϕσ)ρ(a, b))(ξ, η, ν) =
1
4
K(x, [y, τs(z)] + [τs(y), z]− τs([y, z])),
and
p((ϕσ)λ(a, b))(ξ, η, ν) = 0.

The group D ats on S = D/G+ by multipliation on the left. This ation restrits to
an ation of Gσ+ on S. Identifying G and G
σ
+ via ∆
σ
+, this ation is
G× S −→ S
(g, s) 7−→ gsσ(g)−1.
The innitesimal ation of g at the point s in S reads
g −→ TsS ≃ g
x 7−→ x−Ads ◦ σ(x),
with dual map
T ∗s S ≃ g
∗ −→ g∗
ξ 7−→ ξ − ξ ◦Ads ◦ σ.
Denote by (ϕσ)S the indued trivetor eld on S. If ξ, η and ν are in g
∗
then
(ϕσ)S(s)(ξ, η, ν) = ϕ
σ(ξ − ξ ◦Ads ◦ σ, η − η ◦Ads ◦ σ, ν − ν ◦Ads ◦ σ).
Computing the right hand side in the above equality is a simple alulation whih proves
the following Lemma.
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Lemma 3.5. The bivetor eld P σS and the trivetor eld (ϕ
σ)S satisfy
1
2
[P σS , P
σ
S ] = (ϕ
σ)S .
To prove that the ation of Gσ+ on (S, P
σ
S ) is indeed quasi-Poisson, there only remains to
prove that P σS is G
σ
+-invariant.
Lemma 3.6. The bivetor eld P σS is G
σ
+-invariant.
Proof. Fix g in G ≃ Gσ+. Denote Σg the ation of g on S. The tangent map of Σg at s ∈ S
is
TsS ≃ g −→ Tgsσ(g)−1S ≃ g
x 7−→ Adgx.
Also, if ξ is in g∗
P σS (gsσ(g)
−1)(ξ)
= 12 (Adgσ(s)−1σ(g)−1 −Adgsσ(g)−1 ) ◦ σ ◦K
−1(ξ)
= 12Adg ◦ (Adσ(s)−1 −Ads) ◦Adσ(g)−1 ◦ σ ◦K
−1(ξ)
= Adg(P
σ
S (s)(ξ ◦Adg))
= (Σg)∗(P
σ
S )(Σg(s))(ξ).

Lemma 3.7. Let s be in S. The image of P σS (s) is
ImP σS (s) = {(1−Ads ◦ σ) ◦ (1 +Ads ◦ σ)(y) | y ∈ g}.
In partiular, it is inluded in the tangent spae to the orbit through s of the ation of Gσ.
Proof. The image of P σS (s) is by Proposition 3.3
ImP σS (s) = {(Adσ(s)−1 −Ads)σ(x) | x ∈ g}.
The Lemma follows by setting x = Ads ◦ σ(y) = σ ◦Adσ(s)(y) and notiing that (1− (Ads ◦
σ)2) = (1 −Ads ◦ σ) ◦ (1 +Ads ◦ σ). 
This nishes the proof of Theorem 2.1.
Choose G and σ as in Theorem 2.2. The trivetor eld [P σS , P
σ
S ] is tangent to the orbit of
the ation of Gσ+ on S. These orbits are of dimension at most 2, therefore the trivetor eld
[P σS , P
σ
S ] vanishes and P
σ
S denes a Poisson struture on SL(2,R) whih is invariant under
the ation
SL(2,R)× SL(2,R) −→ SL(2,R)
(g, s) 7−→ gsσ(g)−1.
Lemma 3.7 and a simple omputation prove that along the orbit of the identity, the bivetor
eld P σS vanishes; and that elsewhere, its image oinides with the tangent spae to the
orbits of the above ation. Reall that in [4℄, the domain I is given by
z(τ, θ, ρ) =
[
sinh(ρ2 ) + osh(
ρ
2 )os(τ) exp(θ)osh(
ρ
2 )sin(τ)
− exp(−θ)osh(ρ2 )sin(τ) −sinh(
ρ
2 ) + osh(
ρ
2 )os(τ)
]
.(3)
This formula also denes oordinates on I. Using Formula (2) of Proposition 3.3 and a
omputer, it is easy to hek that P σS if indeed given by Formula (1). This ends the proof
of Theorem 2.2.
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4. A final remark
One might ask how dierent is the quasi-Poisson ation of Gσ+ on (S, P
σ
S ) from the usual
quasi-Poisson ation ofG+ on (S, PS). For example, if one takesG = SU(2), H =
[
1 0
0 −1
]
and σ = AdH then the multipliation on the right in SU(2) by
[
i 0
0 −i
]
denes an iso-
morphism between the two quasi-Poisson ations.
Nevertheless, in the example of Theorem 2.2, the two strutures are indeed dierent sine
for example the ation of SL(2,R) on itself by onjugation has two xed points whereas the
ation of SL(2,R) on itself used in Theorem 2.2 does not have any xed point.
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